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Abstract. We determine the derivation algebras and the isomorphism classes of a family 
of the simple Lie algebras introduced recently by Xu [Manuscripta Math, 100, 489-518 (1999)]. 
The structure space of these algebras is given explicitly. 

ff^ ■ 1. Introduction 

o : 

O ■ Xu [X] recently introduced two new families of infinite-dimensional simple Lie algebras 

^ ! and a new family of infinite-dimensional simple Lie superalgebras. These algebras are 

p ' generalizations of the algebras introduced by Block [B] and Dokovic and Zhao [DZ]. 

■ In this paper, we shall determine the derivation algebras and the isomorphism classes 

! of the second family of the simple Lie algebras introduced by Xu. The problems for the 
first family of the algebras are settled in [SZ]. 



< 



Below we shall introduce the normalized form of these algebras. Let F be an al- 
gebraically closed field with characteristic 0. All the vector spaces are assumed over IF. 
\ Denote by Z the ring of integers and by IN the additive semigroup of numbers {0, 1, 2, ...}. 
■ 

Take an additive subgroup r of such that 

^ a = (i,o,i,o)er, rniFi[p]^{0}, rn (i[,] + iFi[,+i]) ^ 0, (i.i) 

> 

' for p = 1, 2, 3, 4, g = 1, 3, where here and below, we use the notation 

a[p] = (0,...,0, a, 0...,0) e iP^ for a e iP, p = 1, 2, 3, 4. (1.2) 

o ■ 

2 \ An element a G iF^ will be denoted by a = (ai, 0^2, as, 0:4). For p = 1,2,3,4, pick 
■ Jp = {0} or IN, and set J = Ji x J2 x x J^^. Elements in J will be denoted by 
i = {ii, i2, is, ^4). Denote by A4 = ^4(r, J) the semigroup algebra of F x J with a basis 
{a;"'' I (a, i) G F X J} and the algebraic operation ■ defined by: 



X 



X' 



a,i . ^/3,j _ ^a+fti+j -^^ J) G F X J. (1.3) 



Then x^'" is an identity element, which will be simply denoted by 1. For simplicity, we 



5^ ! denote x"' = x"'^. For p = 1,2, 3, 4, we define derivation dp of Ai by 

o»p(a;°'') = apx"'' + ZpX^'^-^w for {a, i) G F x J, (1.4) 

where we adopt the convention that if a notion is not defined but technically appears in 
an expression, we always treat it as zero; for instance, x"'"^'^! = for any a G F. 

We define the following algebraic operation [-, ■] on A4 = ^4(F, J): 

[U, V] = X''^\di{u)d2{v) - di{v)d2{u)) + {U + d3{u))d4{v) - {v + ds{v))d4{u), (1.5) 

for M, t> G ^4. Denote 

a, = -1[3] = (0, 0, -1,0), a2 = l[i] - 2[3] = (1, 0, -2, 0). (1.6) 
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We treat x'^^ = if ^ F for i = 1,2. Then x"^^'^ is in the center of A4. Form a quotient 
Lie algebra B4 = B^lT, J) — A^/Fx'^^, whose induced Lie bracket is still denoted by [•, •]. 

Theorem 1.1. The Lie algebra {B4, [■, ■]) is simple if J ^ {0} or a2 ^ T. If J — {0} 
and (72 e F, then fif ^ = B4] is simple and B4 = -Sf ^ © {IFx"'^^ + Fx"^'"^). 

The above theorem was due to Xu [X] and the simple Lie algebras B^l\ which will 
now be simply denoted by B or i3(F, J), are the normalized form of the second family of 
the algebras constructed in [X] . We shall refer these algebras to as the Lie algebras of Xu 
type. We will denote the image of the element x"'' still by x"''. In particular, we have 
x^i'O = 0. We set F# = F if J {0} and F# = F\{(Ji, (72} otherwise, then B has a basis 

B = {a;"'' I (a, i) e F# x J, (a, i) (cxi, 0)}. (1.7) 

In Section 2, we shall determine the derivations of B, then in Section 3, we shall give 
the isomorphism classes and structure space of the Lie algebras of Xu type. Our main 
results are Theorems 2.1, 3.2, 3.3. 

2. Derivations of B 

We shall determine the structure of the derivation algebra of the Lie algebra B. 

Recall that a derivation d of the Lie algebra S is a linear transformation on B such that 
d{[u,v]) = [d{u),v] + [u,d{v)] for u.v G B. Denote by Deri? the space of the derivations 
of B. It is well known that Der B forms a Lie algebra with respect to the commutator 
of linear transformations of B, and adg is an ideal of Der B. Elements in adg are called 
inner derivations, while elements in Der B\adB are called outer derivations. 

We rewrite (1.5) as follows: 

[x^'Sx'^'j] = {aiP2 - /3ia2)a;"+^+''''+j + (aij2 - /3ii2)a:"+^+^''+-'~^Pi 

+ iiif32 - jia2)x"+^+''''+^-h^^ + (iij2 - jii2)a:"+'^+'^'*+-'"^iii"^i2i 

+ ((«3 + l)/34-(/33 + l)a4)a:"+''''+j + ((«3 + l)j4-(/33 + l)^4)x"+^''+-'^^^^^ 

+ (^3/34 - j3«4)a;"+^''+j"'[^l + (^3_^■4 _ j3^4)a;"+Ai+j-l[31-l[4]^ 

for {a, i), (/3, j) e F* x J. For convenience, we fix four elements in F: 

Ti = -a, T2 = (0, a, -1, 0), T3 = 0, T4 = (0, 0, -1, 6) e F for some a,b e IF\{0}. (2.2) 

Note that by (1.1) there exist a',b',c',d',e' G F with a',b',e' 7^ such that 

{a', 0, 0, 0), (0, b', 0, 0), (1, c', 0, 0), (0, 0, 1, d'), (0, 0, 0, e') G F, 

then {0,kb' + c',-l,0) = fc(0, 6', 0, 0) + (1, c', 0, 0) -a G F and -(0, 0, 1, d') +A;(0, 0, 0, e') = 
(0, 0, —1, d' + ke') G F for all k E in particular, by choosing k with a — kb' -\- d ^ 0, 
b = d' + ke' ^ it shows that such a, b exist. 

Observing from (1.5), we see 

{-82 if p = 1 

adajTp = 



-a2X-^+'^9i if p = 2, 

^4 if p = 3, ^^-"^^ 



where in general, x^'^dp is the operator on B : {x°''^dp){x^'^) — x'^'^{dp{x^'^)), and acts 
on B via the multiplication of A4. 



2 



Denote by Hom^(i3, IF) the space of additive functions /j, : F ^ IF satisfying ii{a) — 0. 
For each /i e Hom^(;B, IF), one can define a hnear transformation by 

= //(q;)x"'' for (a, i) e T* x J. (2.4) 

Since /^(cr) = it is straightforward to verify by (2.1) that G Der B. We regard 
Hom^(;B, iF) as a subspace of Der B by the embedding: i— > rf^. Define dt^ by 

at^(a;"'') = ipx^'^-^w for (a,i) e r# x J and p= 1,2,3,4. (2.5) 

Then by (2.1), one can verify that dt^ are derivations of B (of course, dt^ = if Jp = {0}). 
Assume that ai E T. Observe that for p = 1,2,3,4, if Jp = {0}, then x'^i'^W ^ B but 
[x'^^'^W, ;B] C B and thus we can define the outer derivations (cf. (2.1)) 



dp = ad^-i.i[p] \b ■ x^'^ ^ ' 



if 


p 


= 1, 


if 


p 


= 2, 


if 


p 


= 3, 


if 


p 


= 4, 



(2.6) 



i.e., di = x^wd2,d2 = -xMdi,d3 = x-^i^W4 and = -^-^^(^a + 1). If ai ^ T or 
Jp 7^ {0}, we set dp — 0. li J — {0} and (72 G F, we can define another outer derivation 

d2 = ad^.2 Ib-.x'^^ /^sx'^+'iii-'i^i - /34x''+'[y-'ra, (2.7) 
i.e., ^2 = a;^[^i"^[3ii92 - x^iii~^[3i(94, and we set = if J 7^ {0} or (T2 ^ F. Then we have 
Theorem 2.1. DerB is spanned by ads, Hom*^{B, IF), dt^,, dp and o?2 for p — 1,2, 3, 4. 

Proof. Let c? G Der B and let D be the subspace of Der B spanned by the elements 
mentioned in the theorem. The proof of the theorem is equivalent to proving that d E D. 
We shall prove that after a number steps in each of which d is replaced hy d — d' for some 
d' E D the derivation is obtained and thus proving that d E D. This will be done by a 
number of claims. 

Claim 1. We can suppose d{x~"') — d{l) — 0. 

Assume 

c^(x^p) = e^alx"^^"'" for p=l,2,3,4 and some e iP, (2.8) 

(a,i)eMp 

where Mp = {(a, i) e F x J | 0} is a finite set. We set e''^} = if {a, i) ^ Mp. 

First assume that J4 7^ {0}. By induction on i^, we can write x"'' = [1, v] for some 

u E B: if ^4 = 0, then x"-' = (24 + l)-i[l, a;"'^+^wj, or otherwise, x"'' - a^'^[l, x""''] = 
a,^ ^Z4,t;"''^^w , which by the inductive assumption can be written as [l,v] for some v E B. 
By this, we can write d{l) = [1, u] for some u, and so replacing d by d — ad„ gives d{l) = 0. 

Applying d to [1, x'^^] = for p = 1, 2, we obtain that d4{d{x'^p)) = 0, i.e., 

0,4 = ^4 = if eg 7^0, (2.9) 

for p = 1,2. Similarly, applying d to [1,0;'^"'] = bx'^*, we see that (2.9) also holds for 
p — A. If J2 7^ {0}, then similarly we can write (i(a;~'^) = [a;~'^,v] for some v. Since 
dildlx'")) = 0, we can choose v to satisfy d4{v) = 0. Thus if we replace d hy d — ad^, 
then we still have d{l) — 0, and we have d{x~"') — 0. 
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So suppose J2 — {0}. Then each term x""'"'^!'' with 0:2 7^ appearing on the right-hand 
side of (2.8) for p = 1 can be written as — a^^[a;~'^, Thus again we can replace d 

hy d — ady for some v which satisfies di{v) = 0, to obtain 

a;2 = i2 = if eg 7^0, (2.10) 

holds for p — 1. Applying d to [x~"', x'^^] — —ax^'^, using (2.10), we see that q;2 = i2 = if 
eg ^ 0, i.e., (2.10) holds for p = 2. Applying d to [x'" , x^*] = 0, we see that (2.10) holds 
for p = 4 also. By calculating the coefficients of x"^'^^'' in [d(x~°'), x"^] + [x~'^ ^ d{x'^)\ — 
—ad{x'^^), using (2.10), we obtain 

(a(ai - l)eg + a(ii + l)e^^l,^^^) - aeg = -aeg, (2.11) 

where, if Ji = {0}, then the second term vanishes. By induction on ii ranging from 
max{ji I (a, j) e Mi} down to zero, we obtain 

eg = if ai 7^ 1 or ii 7^ 0. (2.12) 

By calculating the coefficients of ddx'"^ , x'^'^]) — 0, using (2.10), we obtain 

fe«3eg + &(^3 + l)eg+ij3, = 0. (2-13) 

where, the second term is vanishing if J3 = {0}. By induction on ranging from 
maxjja | (a, j) G Mi} down to zero, we obtain 

^3 = i3 = if eg ^ 0. (2.14) 

(2.9), (2.10), (2.12) and (2.14) show that if eg ^ 0, then (a,i) = (l[i],0), but then eg 
is the coefficient of the term x^i^i"'^ — x"^^ — Q (cf (2.8) and the statements before (1-7)). 
Thus we have d{x^'^) — 0. 

Next assume that J4 = {0}. If J2 7^ {0}, by interchanging positions between ti and 
Ts in the above arguments, we can obtain the result as above. Thus suppose J2 = {0}. 
As the statement before (2.10), we can assume that d2{d{x~'^)) = 0. Similarly, we can 
assume that d4{d{l)) = 0. Then as the proof above, we can obtain that (2.9), (2.10) hold 
for p = 1, 2, 3, 4. Then (2.11)-(2.14) also hold and so again we can assume that d{x~"') — 0. 
Similarly, by calculating the coefficients of in d{[l. x'^^]) = and calculating the 

coefficients of 2;"+'^"''' in (i([l, x^"']) = bx'^'^, we obtain that if e)^ • 7^ 0, then (a,i) = ((71,0) 
(which corresponds to the term x"^ = 0), and so we have d{l) = d^x''') = 0. This proves 
Claim 1. 

Claim 2. We can assume that d{x'^p) = for p = 1,2, 3, 4. 

By Claim 1, we see that (2.9), (2.10) hold for p = 2, 4. For each term a;"^^^'' appearing 
in the right-hand side of (2.8), using [x'^^ , x°'~'^'^] = —a{ai — l)x'^'^'^^'^ — aiix°'^'^^'^~^i^i , we 
see that one can replace dhy d — ad„ for some u, where w is a linear combination of some 
^a-o-,!^ SO that u satisfies d2{u) = d4{u) — 0, to obtain (here we would like to remark that 
in case J = {0}, a = 2[i] — Ijaj, then a — a — 02 ^ T*, but ada;a-a = d2 by (2.7), this is 
where we make use of 0^2), 

q;i = 1, ii = if eg 7^0. (2.15) 
By calculating the coefficients of a;°+'^2+T4+o-,i -^^ d{\x'^'\ x'^^\) = 0, using (2.15), we obtain 

Q;i = ii = if eg 7^0. (2.16) 
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Then, using [x"^-* , x"''] = —b{a3 + l)x°'~^'^^'^ — bi^x'^'^'^*'^ ^M, we see that one can replace d 
hy d — ad„ for some u which satisfies di{u) — d2{u) — di{u) — 0, to obtain 

q;3 = -1, «3 = if el^J^O. (2.17) 

Then by d{[x'^^ , x'^'^]) = 0, it gives 

a3 = i3 = if egy^O. (2.18) 

Using (2.15)-(2.18), we see that M2 or M4 is either empty, or a singleton {(l[i],0)} or 
{((7i, 0)}, thus by replacing d by 

d - a~^eSjJ^oad^-i'i[i] - ^"^eSV^x^i-^Pi ' (2-19) 

where, the last two terms are either in adg or in Fdi + IFds (cf. (2.6)), we obtain that 
d{x''p) = for p = 1, 2, 3, 4. This proves Claim 2. 

Now for any /? G r\{(Ti, (72}, assume 

d(x^) = cf}x''+'^'' for some cfj e JF, (2.20) 

(,a,i)eMp 

where Mp = {{a, i) e F x J \ c^fj 0} is a finite set. Again we set c;^^ = if {a, i) ^ Mp. 
By applying d to [x~'^, x^] — —I32X^, [1, x^] — Pax^, by Claim 1, we obtain 

a2 = a4 = i2 = i4 = if eg ^ 0. (2.21) 
Furthermore, if /3 G F with /3i = 0, then by applying d to [a;'^^, x^] = 0, we obtain 

q;i = ii = if c^fi^ ^0 and /3 e F with /3i = 0. (2.22) 
By (1.1), we can fix an element 7 = (0, 0, c, 0) e F with c e iF\{0, -1, -2}. 
Claim 3. We can assume that d^x'^) = 0. 

If Cq'q 7^ 0, we can define an additive function jj, G Hom^(i3, iP) satisfying that 
//(Tp) = for p = 1, 2, 3, 4 (cf. (2.2)) and that //(7) = ^^tJ, as follows: 

jj, : a t-^ c'~^CQ^Q{—ai + a~^a2 + as + b~^a4), (2.23) 

so if we replace d hj d ~ ri^,, Cq'\] is vanishing. Since d^{x'^p) = 0, we still have Claim 2 
after this replacement. Furthermore, if ai G F and c^J^^ 7^ 0, then we can replace d by 
d + c'J^q{c + l)^"^ad^.<Ti,i[^] so that 0"^^^ vanishes also. Noting that [x'^^'"^w,l] = —x'^^ = 
according to the statements before (1.7) and that [x'^^'^w, x'^p] = for p = 1,2,4, we still 
have Claim 2 after this replacement. Therefore we can suppose 

= ego = 0. (2.24) 

Let j, k G Applying d to [x"'^^'^^ , x'^'^^] = b{{c+l)k — j)x'^^''^'^''^'^* , where, the coefficient 
b{{c+l)k — j) = {c — j + l)kb— {—k + l)jb is obtained from the 5th term of the right-hand 
side of (2.1), and by calculating the coefficients of x"+'>'+(^+'^)'^4,i^ using (2.21) and canceling 
the common factor b, we obtain 

+ ((c + V)k - j{as + l))ci - J(^3 + l)c2Si,, ' 
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where, if J3 = {0}, the second and the last terms of the right-hand side of (2.25) are zero. 

Assume that c[7i 7^ for some (a, i). Since we shall be only involved in the choices of j, k 
with —3 < j, k, j + k < 3, we can set 

m = max{i | c^JJ-'^*^ or c'^^f ^ for some j = -3, 3}. (2.26) 

Taking j = 0, i = m in (2.25), and canceling the common factor k, we have 

(c + l)ci':+'=^^) = («3 + c + l)c^Jl + (c + l)cgS) if M 0. (2.27) 

Multiplying (2.25) by c-|- 1 and using (2.27) to substitute the left-hand side and the first 
term of the right-hand side, we obtain 

kasias + c + l)c(jl = (c + l)(((c + l)k - M^+'^^-^ 

-((as + c + l)/c - j>g2.) - ((c + l)/c - j(«3 + l))cgj^)), 

if j,k + j ^ 0. Interchanging j and k, and adding the result to (2.28), canceling the 
common factor j + k, we obtain 

as{as + c+l)c<^^l^c{c+lMi^'^^^^^-c<^^^^ if j,k,j + k^O. (2.29) 

Denote by c* the left-hand side factored by c{c+l), which does not depend on j, k. Noting 
that by Claim 2, c^^^^i = 0) using this in (2.29), we can solve 

Q;3(q;3 + c+1)c5]„ = c(c+1)c*, cgj^^ = (A; - 1)c* for k ^ 0. (2.30) 

Using (2.30) in (2.28), by letting j ^ k, we obtain 

(o;3 + l)c* = 0. (2.31) 

Assume that q;3(q;3 + 1)(q;3 + c + 1) ^ 0. (2.30), (2.31) show that 6^]^ = cgj^) = 0, 
and that c^^^'^'^'' = by (2.27), this is contrary to (2.26). Thus this case dos not occur. 

Next assume that = 0. Then (2.21), (2.22) show that a = 0. Then (2.30) gives 

cgi^) = 0. (2.32) 

If m = 0, then the assumption that c^^\ 7^ contradicts (2.24). So m 7^ 0. Then (2.21), 
(2.22) mean that ms 7^ and so J3 7^ {0}. By (2.32), setting i = m in (2.25), we obtain 
that ((c + 1)A; - j)dU^^^''^'"^^ = ((c + 1)^ - Matl^^^- Setting j = 0, this gives 



,(7+fcT4) _ (7) 



(2.33) 



Thus the left-hand side does not depend on k. Taking i = m— 1[3] in (2.25), using (2.32), 
(2.33), we obtain 

((c + 1)^ - 3){c^:TMt^ - cSm-ts, - i'm-i,,) = ^3^cgL- (2-34) 

Setting A; = 1, noting that by Claim 2, CQ^m-ir,i — 0) we obtain 

(c + 1 - J) (cS^^i^;?"^ - ) = ^ac^L, (2.35) 

(c - J) (cS^^^S^"^ - cJi^^Sr^^) = m^c^^U (2.36) 



where (2.36) is obtained from (2.35) by replacing j by j + Multiplying (2.36) by c+l—j, 
multiplying (2.35) by c — j, adding the results to kill the term Ca^m-i^J^'^'^K we obtain 

(c - J)(c + 1 - J)ici:!ii^^'^ - cJ^-tJ =ms{2c+l- 2M^l. (2.37) 



Setting A; = 2 in (2.34), multiplying it by (c-j)(c+l-j), multiplying (2.37) by 2(c+l)-j, 
subtracting the obtained results from each other, we obtain 

-(c - j)(c + 1 - j)(2(c + 1) - J>?^-i,, = m3((2c + 3)j - 2(c + Ify^^l. (2.38) 

The left-hand side is a polynomial on j of degree 3, while the right-hand side is of degree 
1. This forces cg;]„ = 0. This, together with (2.32), (2.33), contradicts (2.26). Thus this 
case dos not occur either. 

Next assume that 0:3 = —1. Then (2.21), (2.22) show that a — Ui. If m = 0, then 
(2.24) contradicts the assumption that c^^\ 7^ 0. So m 7^ and then J3 ^ {0}. Using 
(2.30) in (2.27), we obtain 

cL%'^^^ = (^-c-l)c*. (2.39) 
Taking i = m — l^j in (2.25), using (2.30), (2.39), we obtain 

{{c+l)k-j)c^^;J,!X'^^'^-{ck^ (2.40) 
for k 0. Setting k — 1, we obtain 



(c + 1 - JK^^^'r - - = ^3(J - (c + l))c*, (2.41) 



j7+0+l)-r4) _ („ _ ^\„{'y+j'^4) 
-"a,!!!— 1[3] J J'--a,m-l[3 

(c - j)c^:;jitS^'^ -ic-j- i)c^:;jitX'^ = m,u - cy, (2.42) 

where (2.42) is obtained from (2.41) by replacing j by j + 1. Multiplying (2.41) by c—j — 1 
and (2.42) by c + 1 — j and adding the results together, we obtain 

ic+l-j)ic-j)c'^J,:.^nZ'^-ic-j-l){c^ = msi-2ij-cr+j-c+l)c\ (2.43) 

Setting A; = 2 in (2.40), we have 

(2(c+l)-i)c£+(i|,j;-^-(2c-i)c^^^^^^^ (2.44) 

Multiplying (2.43) by -(2(c + 1) - j) and (2.44) by (c H- 1 - j)(c - j) and adding the 
results together, we obtain 

= -m,{j - 2(c + l))(j - c + l)(j - c - l)(2(c + l))-ic*. 
Multiplying (2.41) by c — j — 1 and using (2.45) to substitute both terms of the left-hand 

^3] 



side of the resulting expression, noting that the coefficient of c^^-i,^^ becomes vanishing, 
we obtain 

m,{j-c-l){{j-2c-l)){j-c+2){j-c) 

+ (c-j-l)(j-2c-2)(j-c+l))(2(c+l))-V = m3(j-c-l)(c-j-l)c*. 

This shows that c* — 0, and so we again get a contradiction to (2.26). 

Finally assume that = —c — 1. Then the first equation of (2.30) shows that c* = 0, 
the second shows that c'^^^'^ — 0, and (2.27) shows that c'^J^'^'^'^^ — for /c ^ 0, and 



then taking k — —j in (2.25) gives that c^J^^ — 0, this is again contrary to (2.26). 

This shows that it is wrong to make the assumption that c'^j ^ for some (a, i). Thus 
d^x^^ =0. This proves Claim 3. 

By the statement after (2.2), we can take e = ka! — 1 7^ 0, ±1 for some k ^ Z such 
that 7] = (e, 0, —1, 0) = k{a', 0, 0, 0) — a G F. Fix such an 1]. 

Applying d to [a;^% x''] = [x'^, x^] = 0, i = 1, 3, 4, we obtain (02, 0:3, ct/i) = {12, u) = 
if c;^l 7^ 0. If (Ji G F and 0^^+0-1,0 7^ 0) then we can replace d by d + c;^^l^^^Qe^^ad^^i,ii2] (this 
does not affect Claims 1,2,3) so that c^a+ai becomes zero. Now using similar arguments 
to those given after (2.24) in the proof of Claim 3, we can prove 

a = i = if c'^^l^ 0. (2.47) 

In fact, if we use the new symbol to denote then in case i = j = 0, (2.1) 

becomes [?/°, yC] = ((«! + l)/?2 - (/9i + l)o;2)y"+^ + (a;3/34 - /33a4)y"+^+''- This shows that 
there is a symmetry between 7] and 7. 

Claim 4. We can suppose d{x^) — for all (3 G r\{(7i, (72}. 

Suppose pi ^ 0. Applying d to [x^\x'^] = -h{(5^ + l)x^+^\ [x'^.x^] = (c + l)l3ix'^+^ , 
using Claim 2, Claim 3, (2.21), canceling the common factors —h and (c+ l)/94, we obtain 
respect ivdy 

(/33 + «3 + l)cS + (i3 + l)cSV,,3, = (/33 + 1)C"\ (2.48) 

{/3) _ (/3+7) (2.49) 
^a,i ■ ^ ' 

Replacing /3 by /3 + 7 in (2.48), using (2.49), we have 

(c + /33 + ^3 + l)cS + (i3 + l)cSVi,3, = (c + /33 + l)ci^r ^ (2.50) 
This together with (2.48) gives c^^i^^'*'* = cfli ^'^'^ then (2.48) becomes 

«3c2 + (i3 + l)cS+i,3, = 0- (2-51) 

As in (2.13), this shows 

^3 = ^3 = if c^^l ^ 0. (2.52) 

If Pi = 0, replacing P hj P — in the arguments above, we still have (2.52). Similarly, 
using T2,r] in placing of r4,7 in the above arguments, we can prove that ai — ii — if 
cf} ^ 0. This and (2.52), (2.21) show that Mp is either empty or a singleton {(0,0)}. 

Therefore, we can rewrite (2.20) as d{x^) = j2{P)x^ by letting /x(/9) = Cq^q. Using this, by 
setting i = j = in (2.1) and applying to it, we obtain 

{aiP2 - Pia2){n{a) + ^{P)) = {aiP2 - Pia2)fi{a + P + a), (2 53) 

{{as + l)/?4 - {Ps + l)«4)(/^(«) + f^{P)) = {{as + l)/?4 - {Ps + l)ai)ii{a + P). 

From this, one can easily obtain that n is an additive function such that fJ^{cr) = 0. Thus 
H G Hom^(;B, IF), and by replacing d hy d — d^, we have Claim 4. This also proves the 
theorem if J = {0}. 

Claim 5. If J ^ {0}, then d G EJ=i IFdt^. 

Say, Ji 7^ {0}. Assume 

d(x^'i[il) = ^ ciy^x"+^'' for Per and some c'ff G IF, (2.54) 

(a,i)eM^,i 



where Mp^i — {{a, i) e F x J | c^f'^^ 7^ 0} is a finite set. Again we set c^^j^-* = if 

(a,i) ^ M^,i. Denote = span{a;° | a G r\{(7i, (72}}. Then by Claim 4, ci(i3(°)) = 0. 
Applying d to [x"'", a;^2,i[i]] = _aa,T-2,i[ij [x^p, a;^2,i[i]j ^ ^(o) ^ ^ 2,3,4, we obtain 

as before (for instance, (2.13)) that M^^^i = or a singleton {(0,0)}. Replacing d by 
d — CQ^o^^dti, we can suppose (i(a;'^^'^[y ) = 0. Similarly, if Jp 7^ {0} for p = 2,3,4, 
by replacing d hy d — fdtp for some f E IF, we can suppose d(x'''^Pi) = if p = 2, 
or rf(a;""*'^Pi) = if p = 3, or d(a;^'^w) = if p = 4. Note that B is generated by 
^(0) y (^ n {x'^2'-'^[ii,a;'''^Pi,a;'^4,i[3]^2;7,i[4] j)^ Since a derivation is determined by its actions 

on generators, we obtain d{B) = 0. This proves Claim 5 and the theorem. | 
3. Structure of B 

Before stating the main result of this paper, we need one more lemma. First recall that a 
linear transformation T on a vector space V is locally finite if for any u E V, the subspace 

K = span{r"(ii) \nelN}, (3.1) 

is finite dimensional; locally nilpotent if for any u E V there exists n E IN such that 
T'^{u) — 0; semi- simple, if for any u eV,Vu has a basis consisting of eigenvectors of T. 

Lemma 3.1. The sets of locally nilpotent, semi-simple and locally finite elements of DerB 
are respectively 

4 

{DerB)n^Y.^\^ {DerB)s ^ Hom*^{B, IF), {DerB)f^{DerB)n + {DerB),. (3.2) 
p=i 

Note that ad^-a, adi e Hom*^{B, F) + EJ=i JFdt^. 

Proof. Note that a linear transformation on the vector space B of the form 

T = E c«,i,^x"''ap + + E (3.3) 

where acts on B via the multiplication of A^, is locally finite if and only if 

Ca,i,p = c!a,i = for aU (a, i) ^ (0, 0). (3.4) 
See, for example, the proof of [SX, Lemma 4.1]. Observe from (2.1) that 
ad^a.i = x°^+^''(q;i92 - a2di) + iix°+^''-^m92 - i2X°^+''''~^P] 9^ 



+x°''((a;3 + 1)^4 - ai{d^ + 1)) + i^x'^^^-^y^^di - i^x^^'^-^i^^ids + 1). 



(3.5) 



From this, one immediately sees that ii d = CQ,,iada.c<,i + J2 Cpdtp + d^, where Ca,i, Cp E F 
and dfj_ is defined in (2.4) with n e Hom^(i3, IF) (recall that di, d2, d^, d^, d2 has the form 
ad^a.i, cf. (2.6), (2.7) ) is locally finite if and only if 

Ca,i = for all {a, i) ^ (0, 0), (-a, 0). (3.6) 

From this, one can easily obtain the lemma. | 

Theorem 3.2. The Lie algebras B = B{r, J) and B' — B(F', J') are isomorphic if and 
only if there exist ai, 02, 03,^4 G IF with 0,2, a,^ ^ and ai = if Ji = {0} 7^ J2 and 
03 = if J3 = {0} 7^ J4, such that either (i) J = J' and the map 

/I \ 

0:/3=(A,/52,/33,/54)^/3' = /3pi «2^ Q =(/3i+ai/32,a2/32,/33+a3/34, 04/54), (3.7) 
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is a group isomorphism F = F'; or else (ii) (Ji, J2, J3, J4) = (J3, J4, J(, J2) arac? the map 

/ 1 \ 

0:/3=(/3i,/32,/93,/94)^/9' = /9h q = (/^3+a3/94, 04/34, A +ai/32, 02/^2 ), (3.8) 

Voa 04 / 

is a group isomorphism V = T' . 

Proof. We shall ALWAYS use the symbol y in place of x for the algebra B' and use the 
same notation with a prime to denote any other element associated with B' . 

"<^=": For convenience, we denote tp = x'^'^w for p = 1,2,3,4. Recall (1.3), we have 
the commutative associative algebra structure (^4,-). We define two algebra structures 
(«4.4,©i) and (^4,02) (which are not necessarily associative) by u Qi v — x'^di{u)d2{v) 
and UQ2V — (dslu) + u)d4{v) . Then we have [u,v] — UQ1V + UQ2V — VQ1U — VQ2U and 

©1 x^-i = x"+^+^''+j-'w-^M(ai^i + ii){/32t2 + 32) if H+3ui2+]2 > 1. (3.9) 

Assume that we have case (i). Define a character of F, i.e., a multiplicative function 
X : F ^ iF\{0} such that x(o") = 02^4 ""^^ We prove that such a character exists: suppose 
A is the maximal subgroup of F containing a such that such character exists for A. If 
A 7^ F, choose (3 e F\A. If there exists n e ]N such that a = n/3 e A, then we define 
xiP) = xi^Y''^\ otherwise we set xiP) = 1- Then x extends to a character on the group 
generated by A and /9, which contradicts the maximality of A. 

First suppose ai — — 0. We shall verify that 

^ : ^ a4-^x(/5)/'(t'l)'H«24)*H^3)^^(«4tl)^^ where = 0(/3) (cf. (3.7)), (3.10) 

is an isomorphism (.4,4,01) — (^4,0i) (and symmetrically, it is also an isomorphism 
(v4.4, ©2) = (^4, ©2) ). Suppose ii + ji, ^2 +i2 > 1 (if otherwise, the verification is easier). 
Using (3.9), since 0(q; + P + a) — a' + P' + a hy (3.7), we have 

iPix""'' ©1 x"'^) = a^\{a + P + a)y'''+^'+''u{ait[ + Zi)(/32a2t2 + J2), (3.11) 

where u = (i'i)^i+^i-^(a2f2)*'^^'"^(^3)''^^'(a4i2)'*+^S and 

V'(x"'') ©1 tlj{x^'^) = afx{cy)x{P)y'''^^'-"'u{a[t[ + i^a^t'^ + a^h) (3.12) 

where the coefficient 02 before j2 is arisen from (9^ ((024)^')- Thus ^(x"-') ©1 ^/'(x'^'j) = 
■0(x"''©ix^'-') is equivalent to a2(Q;it'^ +ii)(/32Ci2^2 +^2) = + ii){P2'^2't'2 + 0^232) i which 
is obvious since a'-^ — ai^P'^ — 0,2(^2- Thus induces an isomorphism of S = B'. 

Suppose oi 7^ or 03 7^ 0. We define 

i^ix"'') = al\{l3)y^'{t\Y'{a2t'2 + ait'^r&{a4'^ + a^Q'\ (3.13) 

Note that if ai 7^ then J2 = {0} or Ji, J2 7^ {0} and if 03 7^ then J4 = {0} or 
J3, J4 7^ {0}, thus the right-hand side of (3.13) is in B'. We claim that ip is an isomorphism 
B ^ B' (but not necessarily an isomorphism (^4, Qq) {A', Qq) for g = 1, 2). If we define 
two Lie brackets [•, -jg by [u, v]q — uQgV — v QqU for q — 1, 2, then [u, v] — [u, v]i + [u, v]2- 
We want to prove 

mx"''),ijix^^% = i;{[x'^'\x^%), (3.14) 

for g = 1, 2. Again suppose ii + ji, i2+ 32 > 1, and suppose q = 1 (the proof for g = 2 is 
similar). First we calculate V'(a^"'' ©i a^^'-'), which is the term 

+ aii;)'^+^'^-2(i^)'3+.3(^^^/ + a^t'^y'+^\ (3.15) 
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where if ^2 + ^2 — 2 < the corresponding factor does not appear, multiphed by the term 

X{a + p + (j){ait[ + ii)(a2t2 + aiti)(/52M2 + + J2)- (3.16) 

Similarly, ^{x"'^) 0i ^{x^'^) is (3.15) multiplied by 

afx(oi)x(^)(^2(a2t2 + ait[) + a2j2){{a[t[ + ii)(a24 + oi^'i) + aii2t[), (3.17) 

where the factor {P'2{a2't'2 + 0,1^1) + O2J2) is arisen from d2{y^' {a2t'2 + o-i^'i)-'^) and the last 
factor is arisen from c?^(|/" (t'^^)*^ (02^2 + cti^'i)*^)- If we denote by D{a,(3) the difference 
between (3.16) and (3.17), then (3.14) is equivalent to D{a,P) — D{P,a) — 0, which is 
straightforward to verify. 

Assume that we have case (ii). We define a new Lie algebra B — B(f, J) by taking 

f = {5 = {a'^, a[, a'2) I a' = {a[, a^, a^,, a'^) G T'}, 
J={J=it'„t'^,t[,t'2)\i'=it[,t'2,t'^,t'deJ'}. 

It is straightforward to verify that ip : B' ^ B defined by 

^/;(l/"''i') = z-^-"^, (3.19) 

is a Lie algebra isomorphisni, where the symbol z is the symbol x for the algebra B. So, it 
suffices to prove that B = B, but using definition (3.18), case (ii) for the pair of algebras 
{B, B') becomes case (i) for the pair of algebras {B, B). 

Suppose il) : B ^ B' is an isomorphism. Then induces an isomorphism ■0 : 
Deri3 — > Deri3', which maps (Deri3)n, (Deri3)s, (Deri3)f respectively to (Deri3')n, (Deri3')s, 
(Der B')i. Denote by Bg, Bi the set of ac?-semi-simple, acHocally finite elements of B 
respectively, then by Lemma 3.1, Bf = lF+lFx~'^. Thus we have 

for.o,neG=(^; ^)eGL,, (3.20) 

where in general, GL„ is the group of n x n invertible matrices over IF and where, we put 
minus sign before x~'^ for later convenient use. Note that 

{u & B \ [B{, u] = 0} = span{a;"'' | q;2 = q;4 = ^2 = '^4 = or a = ui, |i| = 1}, (3.21) 

where |i| = X]p=i^p is the level of i. Denote the subalgebra in (3.21) by B*. Then we have 
^(B*) = B'*. Observe that Bi = B^ ^ {J2, -h) = ({0},{0}) and that B* is not abehan 
{J2, Ja) 7^ ({0}, {0}) and o" G F. Thus we obtain 

(J2, J4) = ({0}, {0}) ^ {J'2, Jl) = ({0}, {0}), and 

aer^aer'if (J2,J4)^({0},{0}). 

If (J2, J4) 7^ ({0}, {0}) and (7 e r, we redenote the derived subalgebra [B*,B*] of B* by 
B*. Thus in any case, 

B* = spanja;"'' | 0:2 = a;4 = ^2 = i4 = 0}, and we have ip{B*) = B'*. (3.23) 

Note that J = {0} <^ (Der B)n = {0} and note that 

{ueB\ d{u) = for all d e (Der B)„} = span{x°^'' | i = or a = (Ji, |i| = 1}. (3.24) 
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If we denote the derived subalgebra of (3.24) by B'^'^^, then 

= span{a;" | a E T\{ai, era}}, (3.25) 
is the Lie algebra B(r, {0}) (cf. Theorem 1.1), and we have 

J = {0} ^ / = {0}, and ^/;(^(°)) = (3.26) 

We shall study a feature of B^^^ analogous to that of the Lie algebras introduced by Zhao 
[Z]. To do this, take = {(0, a2, 0, a^) \ (ai, a2, a^, 04) G F} to be the image of F under 
the natural projection 7:24 : F — > iFlp] + -/Fl[4]. Take F13 — {a E T] 7724(0;) = 0}, the 
kernel of 7724. Then by (2.1), 

= i3f is F24-graded with = span{x" 1 7724(0) = A}, (3.27) 
Aer24 

and bS'^ = 0(0) n B* and ipiB^'^) = B'^'^ by (3.23), (3.26), and there is a bijection A ^ A' 

from F24 — > F24 such that 'iIj{B^^^) = B'^^^ since {[Jx(zT24^f^)\{^} is the set of common 
eigenvectors of adj;-cr and adi. 

Claim 1. If A 7^ 0, then B^^^ is a cyclic Bo°^-module (i.e., generated by one element), 
the nonzero scalar multiples of for all a E F\{(7i,(72} with 7724(0;) = A are the only 
generators. 

For any u = CjX^% where m > l,Ci,...,Cm E iF\{0}, 7r24(yUj) = A and //i,...,//^ 
are distinct, it is straightforward to verify that span{X]"=i | a E F13} is a proper 

i3o°'*-submodule of B^^\ and that it contains (u), where in general, we use (u) to denote the 

cyclic jBg'^-'-submodule generated by u. Thus u is not a generator of B^^^ as a iSg'''* -module. 

Let a E F\{ai,o"2} with 7724(0) = A and A 7^ 0. Say A2 7^ (the proof for A4 7^ is 
similar). Choose rj = (e,0, — 1,0) G F,e 7^ 0, ±1 as in the paragraph before (2.47), then 
Tjk = krj + {k — l)a = (ke + A; — 1, 0, —1, 0) G F\{(7i, a2} ior k E Z (except possibly one 
k), and we have 

a;"] = {ke + k- l)a2x''+''''+'"' E (x") and 
^^f3-kv-{k+i)a ^ ^a+kv+ka^ = (/^^ _ fcg - - l)o;2a;"+^ + f33a4x'^+f^-'' E (x"), 

for all k E Z (except possibly two fc's) and all (3 E F13. This proves that spanja;""'"'^ | [3 E 
F13} is contained in (x"). Since B^^^ = spanja;""'"'' | /? G F13}, we obtain that a;" is a 
generator of B^^^ as a i3o°''-module. 

By Claim 1, there exists a bijection 4> : a a' from F\Fi3 — > F'\F'^3 such that 

V'(x") = c«y"' for a E F\Fi3 and some G iF\{0}. (3.29) 
Using this and (3.20), we have 

^ r' = c„G ( l-f f 1 ) = c„G f «h i.e., f ? ) = G f «n , (3.30) 



for all a E F\Fi3. Let r2,r4 be as in (2.2), and write (p{Tp) =Tp= (t^i, Tp2, Tp3, rp4) for 
p = 2,4. Then applying -0 to Q;iaa;""'"'^^"'"'^ = [a;",^;'^^], we obtain 

o;iaCc,+,,+,z/^("+^^+'^) = c„c., {a'.r^, - r^ia^)|/"'+-2+- 

+CaC,,((«^ + 1)t^4 - (t^3 + l)a^)t/"'+-2, 
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for a, q; + T2 G r\ri 3. The left-hand side has only one term, thus one of two terms 
in the right-hand side must be zero for all such ol. This shows that = '''21 = 

= + 1 = 0. If necessary, by considering the isomorphism (p ■ ip : B = B instead of 
ip, where B,ip are defined in (3.18), (3.19), we can suppose 



24 = T^a + 1 = 0. (3.32) 



By this and (3.30), we have (^^^ = G [j^^^ = (^^^f ), to give that 63 = 0. Similarly, 
from (q!3 -|- l)bx°'~^'^* = [x°',x'^*], we obtain 



(3.33) 



+((a^ + l)Ti4-(Ti3 + l)a0r'+^S 

for a,a + T4 G r\ri^3, so T42 = T41 = or T44 = T43 -(- 1 = 0. But from = G 
we see that T44 7^ 0, thus 

= rii = and so 62 = and G=( ) . (3.34) 



64 

Suppose a, l3,a + P G r\ri3, applying ip to (2.1) with i = j = 0, using (3.30), we have 

{a,P2 - /3ia2)c«+^+.y'^("+^+'^) + ((«3 + l)/^4 - (/33 + l)a,)c^+s,/("+^'') 

This in particular implies that 0(q; + /9) = a' + P' or a' + a for ALL a, /3, a + [3 G r\ri3 
such that (03 -|- l)/?4 — (/?3 + 1)0:4 7^ 0. From this one can deduce that 0(q; + 13) = a' + P' 
for a, /3, Q!-|-/? G r\ri3 as follows: (3.33) shows that 4>{a + T4) = a' + r'^, setting P = a + r^ 
in (3.35) shows that 0(2a;) = 2a' by noting that the first, third terms are vanishing; write 
0(a+/9) = a' + P' +ka,pa , where /cq^^ = 0, 1; if 0(a+/?) = ot'+P'+a for some a, /9, then 2q;'-|- 
2/?'+A;2a,2/3C^ = 0(2a)^(2/3)+A;2a,2/3O^ = 0(2cH-2/5) = 0((cH-/3)+(a+/5)) = 2(a'+/3'H^)+A;«+^,„+^cT, 
and A;2a,2/3 = 2-|-A;a+/3,a+/3>2, a contradiction. Thus, can be uniquely extended to a group 
isomorphism : F — > F'. Using this and applying ^ to [x", x~'^~"] = a2 — a^x~", by (3.20), 
(3.34), we obtain a2hi — aJ)iy~'^ — CaC-a-c{(^'2~^'iy~^)—^aC-a-c{o^2bi^—otAb'l^y~'^)-i i-e., 

CaC-a-a = for a G F\Fi3. (3.36) 

Comparing the coefficients of y^'+Z^'+o- (3.35)^ -we obtain 

((a3 -h l)/34 - {Ps + l)a4)Ca+/3 = ((^3 + l)/54 - (/Sa + 1)«4)&4 'caC^, (3.37) 

(ai/32 - Pia2)ca+0+a = {a'ip2 " /31a2)&r^CQC^, (3.38) 

(03/34 - /33a4)C-a-/3_2a = {a'sPi " /53"4)&4 ^C_a_^C_^_<^, (3.39) 
((ai + l)p2 - {pi + l)a2)C-a-/3-a = ((^'l + l)p2 - {P'l + l)a2)b^^ C-a-aC-/3-a, (3.40) 

for a, P,a + P G F\Fi3, where the last two equations are obtained from the first two by 
replacing a,P by —a — a, —P — a respectively. Setting a = T2 = (0, a, —1,0) in (3.38), 
(3.39) and multiplying the obtained two equations, using (3.36), (3.32), we obtain 

PiaP4 = -{T21P2- P'ia)Pi, 

-(/?3 + l)hP2 = ((ri3 + l)P^ - {P's + l)h)P2, ^ ■ ^ 

for all P ^ P + T2, P + Tis^ G F\Fi3, where the second equation is obtained analogously from 
(3.37), (3.40) and by setting a = T4 = (0, 0, —1, h) and using (3.34). Now if we take 

Ol = a~V2i, a2 = «3 = ^'"^(Tis + 1)> «4 = (3.42) 
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(note that T2i,t^3 are fixed number since T2,T4 arc fixed), tlien by (3.41), (3.30), (3.34), 
we see tliat (3.7) liolds for P, P + T2, (3 + G r\ri3 and ^ Pi- Since is a group 
isomorpliism, we obtain tliat (3.7) liolds for all /SgF. This proves the theorem if J={0}. 

Assume that J ^ {0}. Since ip{x~'^) e ]Fy~" and ada,-<T is semi-simple 4^ J2 = {0}, 
thus we obtain that J2 = J!^- Similarly, J4 — J'^. Assume that Ji 7^ {0} = J[. Then we 
can find h = a;°'^w e B* (cf. (3.23)) with [ti,^""^] = ax'^^^", but wc can not find u' e B'* 
with [u',y'^2] = y'^2+'^ because for any G B'*, [y°' ''^ , y'^'^] = a[r22y^'^~^°' can not 

produce a nonzero term ^'^2+°^. This is a contradiction. Thus Ji = J[. Similarly J3 = J3. 
This proves J = J'. 

It remains to prove that ai = if Ji = {0} 7^ J2 (the proof for as = if J3 = {0} 7^ J4 is 
similar). Consider iIj{x^^'^i^^). Since 9p(x^2,i[2]) ^ [-jx, x^^'ipl] = for p = 1, 4, = l,x''\x''* 
and a5(a;^2,i[2]) (modiFa;'^^) is equal to a scalar multiple of x'^^.ip] fQ]~ g = 2,3, wc obtain 
that ^(x"'2'^[2i) G + Fy'^^'^i^K Write ^/'(.T^^.ip]) = + aoi/''2'^P] fo^ so^e m' G and 
ag G iF\{0}, then = ip^x'^^ ,x^'''^i'^^) = Cr,,{[y^^,u'] + a'^r^-^y'^'^^^") , but there docs not 
exists u' G such that [u',y^^] = y^^^+<^. Thus T21 = and (3.42) gives that ai = 0. 
This completes the proof of the theorem. | 

For n > 0, denote by M^xn the algebra of n x n matrices with entries in IF and 
by GLn the group of invertible n x n matrices with entries in IF. Let M = {rh = 

(mi, 7722, m3, 7714) I Trip = 0, 1 for p = 1,2,3,4}, corresponding to 16 possible choices of J. 
For 777 G M, let be the subgroup of GL4 generated by all matrices {q ^) satisfying 

either B = C = OandA,D have the form (^^ °J, (^3 °J, or else 

(7771, m2) = (7773, 7774), A = D = and S, C have the form (^^ °J, (^3 °J, 

such that 02, 04 7^ and oi = if 7771 = 7^ 7772 and 03 = if 7773 — ^ 7774. 

Define an action of Gjh on IF^ by g(a) = ag~^ for a G IF'^,g G G,?!. For any additive 
subgroup F of iF^ and G Grn, the set 5'(F) = {(?(«) | « G F} also forms an additive 
subgroup of iF^. Denote by Vt the set of subgroups F of satisfying (1.1). Denote 
Vtjfi = {g{T) G r2 1 g( G Gfn} and set fi^ = il/flf/^, the quotient set of fl by Then 
Theorem 3.2 implies the following theorem. 

Theorem 3.3. There exists a 1-1 correspondence between the set of the isomorphism 
classes of the simple Lie algebras B(F, J) of Xu type and the following set 

M. = {{mi,m2, ms, m^, u;) | 7?7 = {mi, m2, m^, m^) G M, ct; G fi^}. (3.44) 

/77 other word, M. is the structure space of the simple Lie algebras B{T, J) of Xu type. | 
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